In this paper we consider the question when a triangularizable semigroup S of positive compact ideal-triangularizable operators on an order continuous Banach lattice X is ideal-triangularizable. We prove that triangularizability always implies ideal-triangularizability iff X contains at most one atom. Under this condition we connect ideal-triangularizability of S with spectral properties of S. Surprisingly, S is idealtriangularizable iff the spectral radius is subadditive on S iff the spectral radius is submultiplicative on S. We also consider a pair of positive compact operators A and T with the property that A has a T-stable spectrum.
Introduction
Throughout the paper we assume that all spaces are at least two-dimensional. Suppose S is a semigroup of n×n complex matrices or compact operators on a complex Banach space. Then S is triangularizable under "mild" spectral conditions on S. For example, S is triangularizable iff the spectrum is sublinear on S (see [10, Theorem 8.4.7] ). One cannot replace sublinearity by subadditivity of the spectrum unless the semigroup S consists of rank-one operators (see [10, Theorem 8.4.8] ). In this paper we nd spectral conditions on positive compact operators on Banach lattices which guarantee that the operators are simultaneously ideal-triangularizable.
In Section 3 we connect triangularizability with ideal-triangularizability of semigroups of positive compact operators on order continuous Banach lattices. Since the matrix is ideal-irreducible, it is realistic and necessary to assume that each of the operators in S is idealtriangularizable in its own right. Even then it can happen that a triangularizable semigroup is idealirreducible (see Example 3.1). The main obstruction here is the atomic lattice structure of R . If an order continuous Banach lattice has at most one atom, then triangularizability implies ideal-triangularizability (Theorem 3.2) for semigroups of positive compact ideal-triangularizable operators. In Theorem 3.4 we provide necessary and su cient spectral conditions for a semigroup S of ideal-triangularizable positive com-pact operators on an order continuous Banach lattice to be simultaneously ideal-triangularizable. One of such conditions is sublinearity of the spectrum.
In Section 4 we restrict ourselves to a pair {A, T} of positive compact operators. Since Example 3.1 provides an example of an ideal-irreducible pair of ideal-triangularizable positive operators with a sublinear spectrum, we consider a special type of sublinearity of the spectrum, the so-called "stability of the spectrum". Recall that a bounded operator A on a complex Banach space is said to have a T-stable spectrum whenever r(A + λT) ≤ r(A) for each λ ∈ C. We prove that a pair {A, T} is triangularizable if A is T-stable, and moreover, we prove that a pair {A, T} is ideal-triangularizable if A is ideal-triangularizable (see Theorem 4.2).
Preliminaries
Let X be a real vector lattice. A vector x is said to be positive if x ≥ . The set X+ of all positive vectors is called the positive cone of X. Given a vector x ∈ X, the supremum of the set {x, −x} is denoted by |x|. A Banach lattice X is a Banach space which is also a vector lattice such that ≤ x ≤ y whenever ≤ |x| ≤ |y| holds in X. We write xα ↓ if a net (xα) decreases towards its in mum . A Banach lattice X is order continuous whenever xα ↓ implies xα → in norm.
A positive vector a in a normed lattice X is called an atom whenever ≤ x ≤ a implies x = λa for some λ ≥ . When a is an atom, the order ideal generated by a is one-dimensional. In this case, each vector x ∈ X can be decomposed uniquely as x = λa a + y where λa ∈ R and a ⊥ y = . The mapping φa : x → λa is called the coordinate or biorthogonal functional associated to the atom a. It is well-known that φa is a positive bounded linear functional. Since an atom a and its positive multiple generate the same order ideal, to distinguish between atoms which generate di erent order ideals we assume that atoms are always unit vectors. If we order the vector space R n coordinate-wise, then R n becomes a vector lattice whose positive cone is precisely the set of all vectors with nonnegative coordinates. Furthermore, the pair (R n , · ) is a Banach lattice and the set of standard basis vectors in R n is precisely the set of all atoms of R n . It should be noted that whenever a normed lattice X has at most one atom and dim X ≥ , then X is in nite-dimensional. All operators and functionals are always assumed to be linear and bounded. An operator on a vector lattice X is positive if it leaves the positive cone X+ invariant. In particular, an n × n matrix as an operator on a vector lattice R n is positive iff it has nonnegative entries. Such matrices are usually called nonnegative. For φ ∈ X * and x ∈ X we denote by φ ⊗ x the rank-one operator on X de ned as (φ ⊗ x)(y) := φ(y)x.
A family F of operators on a Banach space X is said to be reducible if there exists a nontrivial closed subspace of X that is invariant under every member of F. Otherwise, we say that F is irreducible. If there exists a maximal chain of closed subspaces whose elements are invariant under every member of F, then F is said to be triangularizable. A family F of operators on a Banach lattice is said to be ideal-reducible if there exists a nontrivial closed ideal of X which is invariant under every operator in F. Otherwise, we say that F is ideal-irreducible. A family F is ideal-triangularizable if there is a chain C that is maximal as a chain of closed ideals of X and that has the property that every ideal in C is invariant under all operators in F. By [4, Proposition 2.1], ideal-triangularizable family of operators is always triangularizable.
Let X be a complex Banach space. The spectrum and the spectral radius of an operator T are denoted by σ(T) and r(T), respectively. The spectrum is said to be sublinear on a pair {S, T} of operators S, T :
holds for every scalar λ ∈ C. If the spectrum is sublinear on every pair {S, T} from a given family F of operators on X, then we say that the spectrum is sublinear on F. Subadditivity and submultiplicativity of the spectrum are de ned analogously. Similarly, one can de ne sublinearity, subadditivity and submultiplicativity of the spectral radius. Spectral conditions of positive operators on Banach lattices are considered to be spectral conditions of the corresponding extensions to the Banach lattice compacti cation.
For not explained terminology on vector and Banach lattices we refer the reader to [2] . For the treatise on ideal-reducibility we refer the reader to [1] . For the results on triangularizability and ideal-triangularizability we refer the reader to [10] , [4] , [3] and [5] .
When does triangularizability implies ideal-triangularizability?
Suppose S is a semigroup of compact operators on a Banach space X. As it was already mentioned, triangularizability of S is deeply connected to some special spectral properties of the semigroup S. For example, S is triangularizable iff the spectrum is sublinear on S iff commutators of members from S are quasinilpotent. For details see [ Assume now that X is a Banach lattice and S is a semigroup of positive compact operators on X. The natural problem is to nd spectral conditions on S under which S is ideal-triangularizable. The following example shows that triangularizability, or equivalently, sublinearity of the spectrum, is not enough to guarantee that S is ideal-reducible. are simultaneously ideal-irreducible since (A + B)e = (A + B)e = e + e . Since the vector e − e is an eigenvector of A and B, the semigroup S := {A, B} is triangularizable. Therefore, S enjoys many important spectral properties, yet it is ideal-irreducible.
The main obstacle is the lattice structure of X, namely the presence of more than one atom.
Theorem 3.2. For an order continuous Banach lattice X the following statements are equivalent. (i) Every triangularizable semigroup of positive compact ideal-triangularizable operators is idealtriangularizable. (ii) X has at most one atom.
Proof. (i)⇒(ii) Suppose X has at least two atoms; denote two of them by e and f . Let φe and φ f be the biorthogonal functionals associated to e and f , respectively. De ne operators S := (φe + φ f ) ⊗ e and T := (φe + φ f ) ⊗ f . Then S = S, T = T, ST = S and TS = T, so that S := {S, T} is a semigroup of positive compact operators on X. It is easy to see that the subspace M spanned by the vector e − f is invariant under S. Obviously, the subspace M spanned by e and f is also invariant under S. Denote by π the quotient projection from X onto X/M . Since X/M is a Banach space and the semigroup S induces the zero semigroup on X/M , any maximal chain C of closed subspaces of X/M rises to the triangularizing chain C := {{ }, M } ∪ {π − (M) : M ∈ C} for the semigroup S. By the assumption, S is ideal-triangularizable. By [7, Proposition 2.3 ] the restriction of S to M is also ideal-triangularizable. Since M is atomic, one of atoms e and f should be an eigenvector for both S and T. This is clearly not the case. Hence, if (i) holds, X has at most one atom.
(ii)⇒(i) Let S be a triangularizable semigroup of positive compact ideal-triangularizable operators on X which has at most one atom. If J is a closed ideal in X, then J and X/J have at most one atom. Hence, by the Ideal-Triangularization lemma it su ces to prove that S is ideal-reducible.
Clearly we may assume S ≠ { }. If X has no atoms, then every operator in S is quasinilpotent by [5, Proposition 4.5] , so that S is ideal-triangularizable by [3, Theorem 4.5] .
Assume that X contains precisely one atom a. Since S is triangularizable, the spectral radius is submultiplicative on S. If there exists a quasinilpotent operator S in S, then the semigroup ideal generated by S is ideal-reducible by [ The following theorem will be needed in the proof of Theorem 3.4. We omit its proof since it follows the same lines as the proof of [10, Theorem 8.7 .15].
Theorem 3.3. If a spectral radius is submultiplicative but not multiplicative on a semigroup S of positive compact operators on a Banach lattice, then the semigroup is ideal-reducible.
If X is a Banach space and S is a triangularizable semigroup of compact operators on X, then the spectrum is always subadditive on S. However, [10, Example 4.2.6] shows that the converse implication does not hold.
On the other hand, semigroups of operators of rank at most one with subadditive spectrum are triangularizable by [10, Theorem 4.2.5]. For ideal-triangularizable positive compact operators on order continuous Banach lattices with at most one atom the situation improves: subadditivity of the spectral radius implies idealtriangularizability of the whole semigroup.
Theorem 3.4. Let S be a semigroup of positive compact ideal-triangularizable operators on an order continuous Banach lattice X with at most one atom. The following assertions are equivalent: (i) S is ideal-triangularizable. (ii) S is triangularizable. (iii) Spectrum is sublinear on S. (iv) Spectrum is subadditive on S. (v) Spectrum is submultiplicative on S. (vi) Spectral radius is subadditive on S. (vii)Spectral radius is submultiplicative on S. (viii)Spectral radius is permutable on S.

Proof. By Theorem 3.2, (i) and (ii) are equivalent, and that (ii) implies all statements (iii)-(viii) follows from the Spectral mapping theorem for families of compact operators (see [10, Theorem 7.2.6]).
If X contains no atoms, every operator in S is quasinilpotent, so that S is ideal-triangularizable. Since S consists of quasinilpotent operators, all statements (i)-(viii) trivially hold. Hence, we may assume that X contains precisely one atom a.
By [10, Theorem 8.4.3] , (iii) implies (ii), and the equivalence between (vii) and (viii) follows from [10, Theorem 8.6.3] . Implications (iii)⇒(iv), (iv)⇒(vi) and (v)⇒(vii) are obvious.
(vi)⇒(vii) Suppose that the spectral radius is subadditive on S. By an easy induction one can prove that for each positive operator S on X we have S n a ≥ φa(Sa) n a from where we conclude r(S) ≥ φa(Sa). Pick S
and T ∈ S. Since each operator in S is ideal-triangularizable, we have r(T) = φa(Ta), r(S) = φa(Sa) and φa(STa) = r(ST) = r(TS) = φa(TSa). Since (r(S) + r(T)) ≥ (r(S + T)) = r((S + T) ) ≥ φa((S + T) a)
≥ (φa((S + T)a)) = φa(Sa) + φa(STa) + φa(TSa) + φ(Ta) = r(S) + r(ST) + r(T) , we conclude r(ST) ≤ r(S)r(T). (vii)⇒(i)
We prove rst that submultiplicativity of the spectral radius implies ideal-reducibility of the semigroup.
If X contains no atoms, then every operator in S is quasinilpotent and hence S is ideal-triangularizable. Assume X has a precisely one atom a. Then a similar argument as in the proof of Theorem 3.2 yields that for each operator S ∈ S we have r(S) = φa(Sa). Since the spectral radius is submultiplicative on S, we conclude that the mapping ϕa,a : S → φa(Sa) is submultiplicative on S. Since ϕa,a is always supermultiplicative (see e.g. [8] ), the mapping ϕa,a is multiplicative on S, and so ideal-reducibility of S follows from [8, Theorem 1] .
Let I ⊆ J be two closed ideals invariant under S. Every operator in the semigroup S induced by S on J/I is a positive compact operator that is also ideal-triangularizable by [7, Proposition 2.3] .
If X contains at most one atom, then J contains at most one atom as does J/I. If we prove that the spectral radius is submultiplicative on the semigroup S induced by S on J/I, then the Ideal-Triangularization lemma is applicable, and the proof will be complete.
If J/I contains no atoms, then every operator in S is quasinilpotent, so that the spectral radius is trivially submultiplicative on S.
Suppose that J/I contains precisely one atom a. The chain { } ⊆ I ⊆ J ⊆ X is a complete chain of closed ideals invariant under the semigroup S. Pick S ∈ S and denote by S I and S X operators on I and X/J induced by S, respectively. Ringrose's theorem for complete chains ([10, Theorem 7.2.7]) implies
Since X/J and I contain no atoms, we have r(S) = r( S) for every operator S ∈ S. This proves that spectral radius is submultiplicative on S.
A thorough inspection of the proof of Theorem 3.4 shows that we may add the following equivalent assertions to the list in Theorem 3.4: (v') Spectrum is multiplicative on S.
(vi')Spectral radius is additive on S.
(vii')Spectral radius is multiplicative on S. Let (Ω, A, µ) be a measurable space with a positive measure. It is well-known that when ≤ p < ∞ the Banach lattice Lp(µ) is order continuous. Therefore, Theorem 3.4 and Corollary 3.5 are, in particular, applicable to Lpspaces when ≤ p < ∞ and when A contains at most one atom of the measure µ.
Unfortunately, Theorem 3.4 and Corollary 3.5 are not applicable in the case of nonnegative n × n matrices since the vector lattice R n has precisely n atoms.
Operators with stable spectrum
As we have seen in Example 3.1, a triangularizable semigroup {A, T} of ideal-triangularizable positive compact operators on a Banach lattice can be ideal-irreducible. Example 3.1 is not in contradiction with Theo-rem 3.4 since the underlying Banach lattice has two atoms. In this short section we prove that a pair {A, T} of positive compact ideal-triangularizable operators on a Banach lattice is simultaneously ideal-triangularizable whenever A is T-stable (see Theorem 4.2).
Before we proceed to results of this section, we would like to explain the connection between stability and sublinearity of the spectrum. If A has a T-stable spectrum, then T is necessarily quasinilpotent by [9, Lemma 3.6] . Moreover, if σ(A) has no interior points, then [9, Lemma 3.9] implies σ(A + λT) = σ(A) for all λ ∈ C, so that the pair {A, T} has a sublinear spectrum. On the other hand, if T is quasinilpotent and the pair {A, T} has a sublinear spectrum, then it is not hard to see that A is T-stable.
We continue with the following lemma that is of independent interest. (ii) If A is a power compact operator, then compactness of T yields that the operator A + T is power compact as well. If A + T would be ideal-irreducible, then the same proof as in (i) would yield T = .
Assume that A and T are positive compact operators on a Banach lattice X such that A has a T-stable spectrum. Then the pair {A, T} is reducible. Indeed, if T ≠ , then Lemma 4.1(ii) is applicable. Otherwise, T = and every closed subspace invariant under A is clearly invariant under the zero operator T. Similar argument shows that the pair {A, T} is ideal-reducible whenever A is ideal-reducible. Proof. The remark preceding the theorem implies that the pair {A, T} is always reducible, and ideal-reducible whenever A is ideal-reducible. Then (i) and (ii) will follow by invoking the Triangularization and the IdealTriangularization lemma, respectively, once we prove that the property of having a T-stable spectrum is inherited by quotients.
Assume I ⊆ J are closed subspaces invariant under compact operators C and D on a Banach space Y. Assume that C is D-stable. By C and D we denote operators induced by C and D on the quotient Banach space J/I, respectively. Since σ(C) has no interior points, for all λ ∈ C we have σ(C + λD) = σ(C) by [9, Lemma 3.9] . Since D is quasinilpotent, the spectrum is sublinear on the pair {C, D}. By [10, Corollary 8.4 .2], the spectrum is also sublinear on the pair { C, D}. Since D is quasinilpotent, it follows that σ( C + λ D) ⊆ σ( C) for all λ ∈ C. This yields r( C + λ D) ≤ r( C) for every λ ∈ C and the proof is nished.
We conclude this paper with an example of an irreducible pair {A, T} of ideal-triangularizable × matrices such that A is T-stable, T is A-stable and only one of them is nonnegative. As it is shown in [10, Example 1.7.11], S consists of nilpotent matrices and S does not have a nontrivial invariant subspace. Since S consists of nilpotent matrices, A is T-stable and T is A-stable.
